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Definition \

Differential Equation
(DiffEq)

A mathematical equation that relates a function to its derivatives.

Ordinary Differential
Equation (ODE)

A differential equation that involves an unknown function and its
derivatives with respect to a single independent variable. For example:
dy

22
I x* + 3x

Partial Differential

A type of equation that involves an unknown function and its partial
derivatives with respect to multiple independent variables. For example:

Equation (PDE) du ou
< tc—=
at dx
Systems of Differential | Uses vector notation. For example:
Equations x' = Ax
By Order
The order of the highest derivative in the equation.
y' = 1" order
Order y” =2" order
y"” = 3" order
y® = 4" order
By Linearity

General Solution

A family of functions that has parameters and does not take any initial
conditions into account.

Particular Solution
(Actual Solution)

Has no arbitrary parameters and satisfies the initial conditions.

Singular Solution

Cannot be obtained from the general solution.

Linear Equation

YW ) + a1 (Y V @) + -+ a1 (0)y' (1) + ag()y(x) = f(x)
where each a;(x) is a function of x.

Nonlinear Equation

An equation that contains functions of y, such as e”, or functions of the

i H "o ) dy 2
derivatives of y, such as (5y)y"’, sin(y’"), or (E) )
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Terms and Notation

Notation \ Expanded Form \ Description
x,yt x,y,t Variables for space and time
f f=fx)ory The function of a single independent variable.
f ﬂ, d_y, ory' The derivative of f with respect to x.
dx déc
fx a—f The partial derivative of f with respect to x.
X
Yo Particular solution to the equation.

Initial value problem. An initial condition that specifies the value of the unknown
function at a given point in the domain so a particular solution can be found. e.g.,

VP
y(0)=1y'(0) =-1
The Gamma function is the continuous version of the
discrete factorial function, n!.
It Gamma Function r(t) = fooe—xxt—1 dx
0
'h+1)=n!
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Direction Fields
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15-Order Linear

Technique Form of Equation Solution Method
F(x,y,y") =0 LF.=ele®
15*-Order yr + a(x)y — f(X) y = Ce—fa(x) dx
Single Variable Z—y = f(x) y(x) = ff(x) dx+C
X
Separab!e Equations dy ~ ~ g(x0) ~
(Separation of v flx,y) =——= f)dy=[gx)dx+C
Variables) x f)
1. u(x) = e/P@ax
2. Multiplying the entire equation by
().
dy
4 p(0) =+ uP )y = p()Q ()
y _
Integration Factor dx Py = Q)

I(x,y) = u(x))

‘u(x) — efP(x) dx

3. But the derivative of the product is:

d d
FCDCD _ 4y 2+ urp oy

4. p@y@) = [u() Q) dx+C

5.y = LW QM dx+C

p(x)
M(x,y) dx + N(x,y) dy =0 | Find g(x, y) by integrating and
Exact Equations 6M= da%x' ) comparing:
I —_— =
" 5 % fM(xw dx and fN(x.y) dy

Non-Exact Equations

Reduction to Exact via Integrating Factor.

d
I(x,y) [M(x,y) + N(x.y)d—z] =0

If Then
M, — N.
Case 1: u(x) w (%) = % I(x,y) = eJ @) ax
N, —M
Case 2: u(y) t,(y) = —-2 I(x,y) = eJ 2O ay
x(Nx - My)
C 3: =" = oJus(xy) d(xy)
ase 3: pu(xy) 3 (xy) VM — XN I(x,y) =el#s

Bernoulli

dy _ n
o P(x)y = Q(x)y

Ifn = 0orn =1, thisis linear, else
1. Divide by)%

1
yl—n

3. Apply substitution to get a linear form
4. Use an integrating factor to solve

2. Change variable z =
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Homogeneous

M(x,y)dx + N(x,y)dy =0

where M(x,y) and N(x,y) are

homogeneous functions of the

same degree n, meaning:
M(Ax, ly) = A"M(x,y)
N(Ax,Ay) = A"N(x,y)

1. Start with:

d
oG

2. Reduce to separation of variables
using:

y
V==
b
y =vx
3. Product rule:
dy N dv
ax U T*a

. . dv
Rewrite in terms of —

Substitution

In F(ax + by +c)

Setv=ax+by+c
Solve for y

. dy . dv
Find 2 in terms of =
dx dx

I

. L d
. Rewrite the equation in terms ofd—z

Ax+By+C

Reduction b . A—
Translation ! Y T Dx+ Ey+F
If Then
1. Put
Case 1: Intersecting A+B  x=X+handy =Y +k
Lines D%E 2. Findhand k
3. Solve using separation of variables
4. Translate back
1. Put
Case 2: Parallel A=B u=Ax + By
i u —A
Lines D=E y' =
B
2. Solve
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2"d-Order Linear Homogeneous (= 0)

Solution Method

Technique

Form of Equation

Typical case has all constant (a,b,c)

Superposition

and

y"+ay' +by = f(x)
has solution y, (x)

nd_ ! 12 —
2-Order FCoyy',y") =0 coefficients instead of functions of x.
P(x)y" +Q(x)y"+ R(x)y =10 _
Homogeneous ay" +by +cy=0 y(x) = ey (x) + c2y2(%)
If
y'+ay' +by=fi(x) then
Principle of has solution y; (x) y'+ay' + by =f(x) =fi(x)+ fo,(x)

has solution
y(x) = c1¥1(x) + c2y2(x)

Characteristic

ay'" +by +cy=0
U

All solutions are in the form:

. y(x) =e"™
Eg:?fti::?:nics?nstant ar’ +br+c=0 Roots: 74,7,
If Then
1. Set
Case 1: Distinct r,1 ER y1(x) = e:ﬂ;
Roots rED _ yz(x? =er
2. Superposition gives
y(x) = cqe"* + c,e"?*
;zﬁ % Repeated r:b:rizE:Rr y(x) = c1e™ + c,xe™
1. Set
T, = A+ i }’1(36) — e(/1+,u i)x
y2 () = e
Case 3: Complex 2. Superposition gives
Roots with y(x) = cle()""/‘ Dx + Cze(l_/‘ Dx
b Vaac — bZ | 3. Apply e'® = cos(8) + i sin(8)
~T2a0 M7 T 24 |4 y(0) = cieMcos(ux) +

c,e** sin(ux)

Reduction of Order

P(x)y" +Q(x)y"+ R(x)y =0

If we already know y,,

1. Puty, = vy,

2. Expandinterms of v, v, v
3. Putz=7

4. Solve the reduced equation

Wronskian
(Linear
Independence)

y1(x) and y, (x) are linear
independent iff

Yi Y2
WoLy)@ =[] #0

Euler-Cauchy
Equation

x%y" +axy'+ by =0
where x # 0
AE:AA—1D+ai+b=0

1. y(x) of the form x*

2. Reduction to Constant Coefficients:
Usex =el,t =Inx

3. Rewrite in terms of t using chain rule.

Case 1: Distinct
Roots

A4, ER
M #F Ay
x#0

y(x) = clellx + cze’lzx
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Case 2: Repeated A, A, ER )
Root A=A =2 y(x) = x*(c1 + ¢z In|x])

Case 3: Complex A, =atip y(x) = x%(c, cos(B In|x|)
Roots 1.2 - + ¢, sin(B In|x]))

2".Order Linear Non-Homogeneous (= f(x))

Technique Form of Equation Solution Method
Y=Yt
F,y,y',y'") = f(x) = €1Y1 (%) + €2¥2(x) + yp (%)
2"-Order
y" +a(x)y" + b(x)y = f(x) | where the general solution includes the
particular solution, y,.
P(x)y" +Q(x)y" + R(x)y
=f(®)
Non-Homogeneous If homogeneous, then f(x) = 0.
ay" +by' +cy = f(x)
f(x) #0
Case 1: y', y Missing y' = f() y(x) = f f(x) dx
] . "o , 1. Change of variable: p = y'
Case 2: y Missing y'=fy,x) 5 Solve twice
1. Change of variable: p = y’ + chain
rule
dp . s
Case 3: x Missing Y = FO' ) 2. Py, = f(p,y) is a 1-order ODE
3. Solve it
4. Back-replace p
5. Solve again
1. Change of variable: p = y’ + chain
rule
2. pZ—Z = f(y) is a separation of
Case 4: y', x Missing y'=f(y) variables
3. Solve it
4. Back-replace p
5. Solve again
Assume y(x) has the same form as f(x) with undetermined constant
coefficients.
Method of Valid forms:
. 1. B,(x)
Undetermined ax
Coefficients 2. P’}v(cx) . .
(Guesswork) 3. e% (B,(x)cosbx + Q,,(x) sin bx)
Failure case: If any term of f(x) is a solution of y,,, multiply y,, by x and
repeat until it works.
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Laplace Transforms

Technique

Laplace Transform

\ Solution
L)} = F(s)

Equation

e An integral transform that converts a function of a real variable
(usually t, in the time domain) to a function of a complex variable
s in the complex-valued frequency domain (s domain).

o NOTE: Frequency s = 1/t

e Transforms ODEs into algebraic equations.

e The substitution x = e™ makes the integral look like a formal
power series, with f(t) being the coefficient of xt.

e The z-transform is the discrete analog of the Laplace transform in
signal processing.

Inverse Laplace Transform

LF(s)) = f(©)

Laplace Transform
Equation

LD} = F(s) = f eSEf(t) dt
where °

e f(t) mustbe definedon0 <t < o0
e sisan arbitrary real variable
e The improper integral must converge

Transform of a Derivative

Theorem: If £ (t), f'(t), ..., f @V (¢) are continuous on [0,00) and are
of exponential order, and if f (™ (t) is piecewise continuous on [0,00),
then the Laplace transform of the n* derivative of f(t) is given by the
general n" order derivative equation below.

Laplace Transform of
Derivatives

First-order derivative L{f'(0)} = s L{f ()} — f(0)

Second-order derivative L ()} = s2L{f ()} — s £(0) — £(0)

L ()} = sPLF ()} — s7£(0) — s £7(0)
—f7(0)

Third-order derivative

L{FM (@)} = smL{f ()} — s 1f(0)
—s"2f'(0) — - — F*D(0)

nth order derivative

Using Laplace to Solve a
DiffEq

Solves IVPs for linear differential equations with constant coefficients.
1. Apply the Laplace transform to each term in the IVP.
2. Solve the resulting algebraic equation for the transformed
function F(s).
3. Apply the inverse Laplace transform to find the solution.
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Table of Laplace Transforms (s > 0)

# f(t) L{f(t)} = F(s) |

1 f'® sF(s) = f(0)
2 f'®) s?F(s) — sf(0) — f'(0)
3 f'(® s3F(s) —s*£(0) —sf'(0) — f"'(0)
4 JASIG) s*F(s) —s*£(0) = s*f'(0) — sf"(0) — £"(0)
5 ™) S"F(s) = s"F(0) = s"2f7(0) — - —sf = (0) — f @D (0)
6 1 1
S
7 et 1
sS—a
g test S
(s —a)?
theat n!
9 n=1,23,..) (s —a)*+1
eat _ ebt 1
10 e m——
a=h (s=a)(s=b)
at _ pbt s
11 ae be
a—b (s —a)(s — b)
1
12 t =3
tTL Tl'
13 n=123..) gn+l
14 tP 'p+1)
(p=-1€eR) sp+1
Vi
15 vt —3
- 252
16 g 1:3:5 (an— OV
n=1273,..) 2n s"3
] a
17 sin(at) 2 _g 2z
1 _
8 cos(at) | PP
19 sin (at + b) ssin(b) + a cos (b)
G~ asin )
scos(b) — asin
20 t+b
cos (a ) e
21 t sin(at 2as
sin(at) G2 1 a?)?
2 — g2
22 t cos(at) m
1 a
23 n sin(at) arctan (E)
24 e sin (bt) __ b
(s —a)? + b?
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at __s-e
25 e cos (bt) (s —a)? + b2
_ 2a3
26 sin(at) — at cos(at) m
2
27 sin(at) + at cos(at) (5222:—5(12%2
- 5(s? — a?)
28 cos(at) — at sin(at) W
) s(s“+3a%)
29 cos (at) + at sin(at) W
30 sinh (at) 2 _ g2
31 cosh (at) ﬁ
] 2as
32 t sinh (at) m
2 _ g2
33 t cosh (at) @
34 e® sinh (bt) G-a?—b?
s—a
35 e® cosh (bt) G-a)?—b?
36 e f(t) F(s—a)
37 tf(t) —F'(s)
38 (n . 1fz(t?a ) (—D" F(s)
39 % £t f F(u) du
40 fF(ct) I @)
c_\c
41 ug(t) =u(t—a) 1 -as
Heaviside Function Ee
42 6(t) 1
6(t—a) —as
43 Dirac Delta Function ¢
44 u,(t) f(t—a) e Y F(s)
45 u, (t) g(t) e”® L{g(t+a)}
t
46 J f(w)dv %F(S)
0
t
47 J ft—1)g()dr F(s) G(s)
0
T —s
48 fE+T) = f(O) Lf(?dt
1 — p—S
49 af(t) + bg(t) aF(s) f bG(s)
50 ie% e "
Vit Vs
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https://tutorial.math.lamar.edu/classes/de/StepFunctions.aspx
https://tutorial.math.lamar.edu/classes/de/DiracDeltaFunction.aspx
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Fourier Transforms

Technique

Fourier Series

Equation \ Solution
e A method to decompose a periodic signal into a sum of sine and
cosine functions with different frequencies and amplitudes.
e |s particularly useful for analyzing arbitrary periodic signals.
e Was introduced by Joseph Fourier.
e |s widely used in fields such as electronics, signal processing, and
guantum mechanics.

Fourier Transform

e A mathematical operation that transforms a signal from the time
domain (t) to the frequency domain (f).

e Unlike the Fourier Series, the Fourier Transform can be applied to
both periodic and non-periodic signals.

o Are widely used to solve differential equations.

------- ot |

—-

Time (Seconds) Frequency (Hertz)

Fourier Transform
Equation

FD} = flw) = f £() et dt

where
e f(t) must be defined on —oco <t <
e wisan arbitrary real variable where w = 2nf
e The improper integral must converge

Inverse Fourier Transform
Equation

. 1 (.
FHf@) = f©) =5 [ @) e do

e f(w) must be defined on —o0 < w <
e w isan arbitrary real variable where w = 2nf
e The improper integral must converge

(e fort>0
f(t)_{O fort<o
Example hot bt 1
£ — —iwt — —at ,—itw —
f(w) ff(t)e dt fe e dt = ——
— o0 0

Using Fourier Transforms
to Solve a DiffEq

Solves ODEs for linear differential equations with constant coefficients.
1. Apply the Fourier transform to each term in the ODE.
2. Solve the resulting algebraic equation for the transformed
function f (w).
3. Apply the inverse Fourier transform to find the solution.
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Table of Fourier Transforms (a, b > 0)

# f(x) FF®)} = flw)

1 | af@+bg) a f(w)+bg(w)
2 fx—a) e f(w)
3 f&x) e fw=a)
1 /0w
4 f(ax) /)
5 d:?; ) (iw)"lir (@)
6 X"f(x) o 1)
___dom
7 (f > 9)(x) 1f(w) g(w)
8 £ g() o (f ° )(®)
9 Real f(x) f-w) = fw)
10 Imaginary f(x) f(—w) = —f(w)
1 fG) _ fw)
12 f(x) cos (ax) flo=a) -;—f(a) +a)
13 f(x) sin (ax) flw-a Z__f(w +a)
[
—ax 1
14 e " u(x) P
15 el _a
a? + w?
16 1 2nd (w)
17 §(x) 1
18 sin(ax) —in(6(w —a) + §(w + a))
19 cos(ax) n(d(w—a) +6(w+ a))
, T w? 7
20 sin(ax?) —Jz 08 (E — Z)
T w? m
21 cos(ax?) - cos (E - Z)
T i3
22 sech(ax) Esech (Z w)
23 e~ miax? i e i% ei%
a
24 x" 21" §™ (w)
25 5™ (x) (i)™
26 % —in sgn(w)
1 —i -1
27 P —im ((nw—))l)! sgn(w)
1 V2m
28 r— —
x| VIwl
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o Harold's Euler's Method Example
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