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Axioms of Probability
Axiom \ Formula Conditions
1. Non-Negativity P(A) = 0 For every event A, the probability is nonnegative.
A = Event
2. Total Probability The probability of the sample space equals 1.
o P(S) =1
(Normalization) S = Sample Space
For every collection of mutually exclusive events,
- P(A;UA U ) the probability of their union is the sum of the
3. Additivity = P(A,) + P(4)) + - | individual probabilities.

If Ay, Ay, ... are mutually exclusive (A; N A; = Q).

Kolmogorov’s three axioms are the foundation of probability. The complement rule, addition rule, conditional
probability relationships, and many other formulas (see below) are consequences of them.

Probability
Rule Formula Definition
- 0<PE)<1
:rlf’kbal'_':"l't‘é") P(E) # Events (E) # of Favorable Outcomes
ikelihoo = =
Sample Space (S§)  Total # of Possible OQutcomes
N = “and”, Intersection, “A” “and” implies multiplication.
Notation U = “or”, Union, “v” “or” implies addition.
~ = "“not”, negation, “—" “not” implies negation.

The occurrence of one event does not

Independent If P(A|B) = P(A) affect the probability of the other, or vice
versa.
The occurrence of one event affects the

Dependent fP(ANE) + @ probability of the other event.

Disjoint fP(ANB) =0

(“mutually exclusive”) Then P(A U B) = P(A) + P(B) The events can never occur together.

Addition Rul

(,,‘(j)f,',t)w“ uie P(AUB) = P(A) + P(B) — P(AN B)

if independent or disjoint: S
P(AnB) =P(A) P(B)
P(ANnBNC)=P(A) P(B)P(C)
I\l/llultdiflication Rule if dependent:
(“and”) P(AN B) = P(A) P(B|A)
P(AnB) =P(B) P(A|B)
P(ANB) =P(A)—P(ANB)
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https://www.statisticshowto.com/axiomatic-probability/

P(S)=P(AUA) =
P(A)+P(A)=1
Complement Rule /

Subtraction Rule PA)=1- P(Z)

The complement of event A (denoted
Aor A°) means “not A”; it consists of all

(“not”) PA) =1-P(A) simple outcomes that are not in A.
P(AIB) + P(A|B) =1
P(ANnB
P(A|B) = ¥ Means the probability of event A given that
Conditional P(B) event B occurred. Is a rephrasing of the
Probability Multiplication Rule. P(A|B)is the

if independent or disjoint:
P(A|B) = P(4)
P(B|A) = P(B)

(“given that”)

proportion of elements in B that are ALSO
in A.

P(A)=P(ANBy)+--+P(ANBy,)
= P(B,) P(A|By) + -

Total Probability Rule + P(By) P(AlBy)
P(A) =P(ANB)+P(ANB)

= P(B) P(A|B) + P(B) P(A|B)

To find the probability of event A, partition
the sample space into several disjoint
events. A must occur along with one and
only one of the disjoint events.

P(AnB) P(A) P(B|A)
PAB ==& = P
Bayes’ Theorem
P(A) P(B|A)

~ P(A) P(B|A) + P(A) P(B|A)

Allows P(A|B) to be calculated from P(B|A).
This means we can reverse the order of a
conditional probability statement, and it's
the only generally valid method!
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Visual Proof of Bayes’
Theorem
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De Morgan’s Law P(AUB) = P(A) NP(B)

P(ANnB)=P(A)UP(B)

Uses negation to convert an “or” to an
lland”.
Uses negation to convert an “and” to an

“ )

or-.
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Venn Diagrams

Tautology AORB A XOR B A AND B

(D

Contradiction ANORB A XNOR B A NAND B
L)

A B A without B B without A
(Ol
NOT A NOT B AIMPLB B IMPLA
Sources

e Axioms of Probability (Fall 2026). MATH 402: Mathematical Statistics |, Chapter 2: Some
Probability Laws. East Texas A&M University. https://www.etamu.edu/

e LibreTexts - Mathematics (2026). 1.2: The Three Axioms of Probability.
https://math.libretexts.org/Courses/Queens College/Introduction to Probability and Mathe
matical Statistics/01%3A Week 1/1.02%3A The Three Axioms of Probability

e SNHU MAT 229 - Mathematical Proof and Problem Solving, How To Prove It - A Structured
Approach, 3rd Edition - Daniel J. Vellman, Cambridge University Press, 2019.

e SNHU MAT 230 - Discrete Mathematics, zyBooks.

e Learn more about probability distributions
here: http://blog.cloudera.com/blog/2015/12/common-probability-distributions-the-data-
scientists-crib-sheet/
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  P ( A ) ≥   0


  P  ( S ) = 1


  P (   A 1   ⋃     A 2   ⋃   ⋯ )


  = P (   A 1 ) + P (   A 2 ) + ⋯


  = P (   A 1 ) + P (   A 2 ) + ⋯


    A 1


    A 2 ,   …


   A i ∩  A j = ∅


  𝟎 ≤ 𝑷  ( 𝑬 ) ≤ 𝟏


  P  ( E ) =   #   E v e n t s   ( E )  S a m p l e   S p a c e    ( S )   =     #   o f   F a v o r a b l e   O u t c o m e s  T o t a l   #   o f   P o s s i b l e   O u t c o m e s


  P  ( E ) =   #   E v e n t s   ( E )  S a m p l e   S p a c e    ( S )   =     #   o f   F a v o r a b l e   O u t c o m e s  T o t a l   #   o f   P o s s i b l e   O u t c o m e s


  ∩


  ∧


  ∪


  ∨


   ˽ - =  


  ¬


  P  (  A |  B ) = P ( A )


  P  ( A ∩ B ) ≠ ∅


  P  ( A ∩ B ) = ∅


  𝑷  ( 𝑨 ∪ 𝑩 ) = 𝑷  ( 𝑨 ) + 𝑷  ( 𝑩 )


  𝑷  ( 𝑨 ∪ 𝑩 ) = 𝑷  ( 𝑨 ) + 𝑷  ( 𝑩 ) − 𝑷 ( 𝑨 ∩ 𝑩 )


  𝑷  ( 𝑨 ∩ 𝑩 ) = 𝑷  ( 𝑨 )   𝑷 ( 𝑩 )


  𝑷  ( 𝑨 ∩ 𝑩 ∩ 𝑪 ) = 𝑷  ( 𝑨 )   𝑷  ( 𝑩 )   𝑷 ( 𝑪 )


  𝑷  ( 𝑨 ∩ 𝑩 ∩ 𝑪 ) = 𝑷  ( 𝑨 )   𝑷  ( 𝑩 )   𝑷 ( 𝑪 )


  𝑷  ( 𝑨 ∩ 𝑩 ) = 𝑷  ( 𝑨 )   𝑷  (  𝑩 |  𝑨 )


  P  ( A ∩ B ) = P  ( B )   P ( A | B )


  P  ( A ∩ B ) = P  ( B )   P ( A | B )


  P  ( A ∩ B ) = P  ( A ) − P  ( A ∩   B ¯ )


  P  ( A ∩ B ) = P  ( A ) − P  ( A ∩   B ¯ )


  𝑷  ( 𝑺 ) = P  ( A ∪   A ¯ ) =


  P  ( A ) + P  (   A ¯ ) = 𝟏


  P  ( A ) + P  (   A ¯ ) = 𝟏


  P ( A ) = 1 − P  (   A ¯ )


  𝑷 (   𝑨 ¯ ) = 𝟏 − 𝑷  ( 𝑨 )


  𝑷 (   𝑨 ¯ ) = 𝟏 − 𝑷  ( 𝑨 )


  P  (  A |  B ) + P  (    A ¯ |  B ) = 1


    A ¯   o r     A  c )


  𝑷  (  𝑨 |  𝑩 ) =   𝑷 ( 𝑨 ∩ 𝑩 )  𝑷 ( 𝑩 )


  P  (  A |  B ) = P ( A )


  P  (  B |  A ) = P ( B )


  P  (  B |  A ) = P ( B )


  P  ( A ) = P ( A ∩   B 1 ) + … + P ( A ∩   B  n )


  = P  (   B 1 )   P  (  A |    B 1 ) + … + P  (   B  n )   P  (  A |    B  n )


  = P  (   B 1 )   P  (  A |    B 1 ) + … + P  (   B  n )   P  (  A |    B  n )


  P  ( A ) = P ( A ∩ B ) + P ( A ∩   B - )


  = P  ( B )   P  (  A |  B ) + P  (   B - )   P  (  A |    B - )


  = P  ( B )   P  (  A |  B ) + P  (   B - )   P  (  A |    B - )


  𝑷  (  𝑨 |  𝑩 ) =   P  ( A ∩ B )  P  ( B ) =   𝑷  ( 𝑨 )   𝑷  (  𝑩 |  𝑨 )  𝑷  ( 𝑩 )


  =     P  ( A )   P  (  B |  A )  P  ( A )   P  (  B |  A ) + P  (   A - )   P  (  B |    A - )


    P  ( A ∪ B ) - ≡   P ( A ) - ∩   P ( B ) -


    P  ( A ∩ B ) - ≡   P ( A ) - ∪   P ( B ) -

