Harold’s Trig Proofs

Cheat Sheet
15 March 2023

After proving only three (3) trig formulas, we can easily derive ALL the trig formulas!

1. Pythagorean Identity
2. Sum and difference formula for sine
3. Sum and difference formula for cosine

Proof of Pythagorean Identities

Proof
Pythagorean Theorem
X% +y? =12
r=1

Given sing = _oPPOsite v _y_

hypotenuse r 1

adjacent X X
s =————=—=—-=x

hypotenuse r 1

Substitute and Simplify

sin? 0 + cos? 0 = 12

Formula sin@ + cos?0 =1 [1]

Proof

Given sin?6 +cos?0 =1 [1]

.2 2
Divide by cos? 8, then Simplify Sin“6 cos” 0 1

+ =
cos?280 cos20 cos?0

Formula tan’0 +1 =sec’0 [2]
Proof
Given sin?@ + cos?0 =1 [1]
.2 2
Divide by sin? 8, then Simplify sin” 6 + cos” 0 = !
sin?6  sin?6H _ sin%6
Formula 1+ cot?0 =csc?0 [3]
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Proof of Sum and Difference Formulas

Trig Sum and Difference Formulas

sin(ax + B) = sina cos f + cosasin
cos(ax+ B) = cosacosf +sinasinf

cos(a + B) sin a sin B
I ]

o+ B .
% 2
= @\ « ;

+

Proof Diagram C g
H F K w
> s
& 8 g

H E G E : cos acos B
Proof of sin(a + )
Prove Sum
ED opposite
Given sinfla+ ) =—= il

DA hypotenuse

Alternate interior angles are congruent

a = +£LCAB = tHFA = £HDF

Tallest vertical line

ED = GF + HD

Substitute, then divide and multiply
by AF & FD

@+ gy~ D _GE HD GF AF HD FD
sinfe +B) =5 =2p+ 2D = aF a0 T FD 4D

Convert back to trig formulas

sin(a + ) =sinacosf + cosasinf [4]

Prove Difference

Replace +f with —f8

cos(=pB) = cos(B)
sin(—p) = —sin(B)

Simplify

sin(a — B) =sinacosf —cosasinf [5]

General Formula [4+5]

sin(a + B) = sinacosB + cosasinff [6]
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Proof of cos(a + )

Prove Sum
Given cos(a +B) = AE = M
AD  hypotenuse
Longest horizontal line EA =GA—-FH

Substitute, then divide and multiply
by AF & DF

EA GA FH GA AF FH DF

cos(a+p)=—=—-———

AD AD AD _AF AD T DF 4D

Convert back to trig formulas

cos(a + B) = cosacosf —sinasinf

[7]

Prove Difference

Replace +f with —f3

cos(=p) = cos(B)
sin(—p) = —sin(B)

Simplify

cos(a —B) = cosacosf +sinasinf

8]

General Formula [7+8]

cos(ax + B) = cosacos B +sinasinf

[9]

Proof of tan(a + B)

Prove Sum and Difference

Given tan(a + ) sin(a + )
iv _sin(@+ )
an(a +f cos(a + )
PP " _

Substitute sin(a + B) = sinacosf * cosasinB  [6]

cos(a + B) = cosacosf Fsinasinf

[9]

Divide by (cos a cos ), then Simplify

sina cos 8 + cosasinf

tan(a £ B) =

cosacosf F sinasinf

General Formula

tana + tan g
1+ tana tanp

tan(a = B) = (1

0]
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Proof of Double Angle Formulas (26)

Proof
Given sin(a + ) = sinacosf + cosasinf [4]
Substitute 6=a=p
Simplify sin(6 + 0) = sinf cos 6 + cos O sin b
Formula sin(20) = 2sinfcos 6 [14]
Proof
Given cos(a + B) = cosacosf —sinasinf [7]
Substitute 6=a=p
Simplify cos(f + 0) = cosf cosO — sinf sinf
Formula cos(20) = cos? 0 —sin? @ [15]
Proof
. cos(20) = cos?6 —sin? 6 [15]
Given . 2
sin“f +cos“0 =1 [1]
Substitute sin? =1 — cos? 46
Simplify cos(26) = cos? 6 — (1 — cos? 6)
Formula cos(20) =2 cos?0—1 [16]
Proof
20) = cos?6 —sin2 6  [1
Given cos( _9)2 cos tz sin“ 6 [15]
sin“8 +cos“ 8 =1 [1]
Substitute cos?6 =1 —sin? 0
Simplify cos(28) = (1 —sin? 8) —sin? @
Formula cos(20) =1 —2sin?0 [17]
Proof
Gi tan(26) sin(26)
iven =
an cos(26)
) sin(20) = 2sinf cosf [14]
Substitut
Hbstitte cos(26) = cos?6 —sin?6 [15]
2sin6 cos @
Divide by cos? 8 20) = ——— "~
Y tan(26) cos? § —sin? @
L _ cos? 6
Simplify tan(26) = (cosz 6 — sin? 9)
cos? 6
Formula tan(20) = 2 tanf 18
an ~ 1-—tan26 18]
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Proof of Half Angle Formulas (6/2)

Proof
Given cos(20) =1—2sin?8 [17]
Solve for sin? 6 sin? 6 = 1_+S(29) [19a]
Substitute 6= g
6 1 — cos(8)
Solve 2 (—) =
sin” (5 5
(7] 1 — cos(0)
Formula (—) = 19b
sin (5 + 2 [19b]
Proof
Given cos(20) =2 cos?0 —1 [16]
Solve for cos? 6 cos? 6 = 1++S(29) [20a]
Substitute 6= g
0 1+ cos(0)
Solve 2 (—) ==
cos” {7 >
o 1+ cos(0
Formula cos (—) =+ 1+ cos(6) [20b]
2 2
Proof
, sin? @
Given tan? 9 =
an cos? 6
1 — cos(260
sin? 9 = % [19a]
Substitute , 1 + cos(20)
cos* 6 = — s [20a]
(1 — cos(29)> (
2 1 — cos(26)
_— 29 _ =
Simplify tan®6 = (1 ¥ cos(29)> ~ 1+ cos(20)
2
Substitute 0 = g
6 1 — cos(8)
Solve t 2<—>=— 21
v an 2 1 + cos(6) [21a]
Formula t (0> =4 1~ cos(6) 21b
a“z ~ ~.|1+ cos(0) [21D]
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Proof of Cofunction Formulas

Proof
Given sin(ed — ) = sinacosf8 —cosasinf [5]
T
Substitute a= E'ﬁ =60
s s I
Simplify sin (E — 9) = sin (E) cos 8 + cos (E) sin @
/4
Formula sin (E ~6)=cos [22]
Proof
Given cos(a —B) =cosacosf +sinasinf [8]
T
Substitute a= E'ﬂ =0
s s s
Simplify cos (E - 9) = cosS (E) cos 8 — sin (E) sin 8
7[5
Formula cos (E - 0) =sinf@ [23]
Proof
) sin(8)
Given tan(6) 5@
sin (— - 9) =cosf [22]
Substitute
cos (— - 9) =sinf [23]
. (T
R 51n(7—9) cos 6
Simplify tan (—— 9) = (n 9) =sno - cotf
cos(7z —
2
/4
Formula tan (E —9)=cotd [24]
Proof
Given sec(f) = c0s(8)
T
Substitute cos (E - 9) =sinf [23]
sec(n 9)— ! -1 = csch
Simplify 2 cos (g - g) sin(6)
/4
Formula sec (E - 0) =cscO [25]
Proof
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1
Gi _
iven csc(0) Sin@)
i
Substitute sin (E - 9) =cosf [22]
T o) = 1 1 p
Simplify ese (E -6)= sin(Z—0) ~cos(d)  O°¢
/4
Formula csc (E - 0) =secO [26]
Proof
Given cot(@) = an(@)
T
Substitute tan (E — 9) =cotf [24]
T o) = 1 1 p
Simplify cot (E B ) T tan (% _ 9) " cot() tan
'/
Formula cot (E - 0) =tanf [27]

Additional Resources

e AoPSOnline (2025). Art of Problem Solving, Proofs of trig identities.
https://artofproblemsolving.com/wiki/index.php/Proofs of trig identities
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